1. Introduction 1.1. Some motivation. Iwasawa theory for elliptic curves over number fields is by now an established subject, well developed both in its analytic and algebraic sides. By contrast, its analogue over global function fields is still at its beginnings: as far as the authors know, up to now only analytic aspects have been investigated. Our goal in this paper is to provide some first steps into understanding the algebraic side as well; we hope to relate the two points of view, by a suitable version of Iwasawa main conjecture, in some future work.
We fix F a function field of transcendence degree 1 over its constant field F q , q a power of a prime p, and an elliptic curve E/F ; we assume that E is non-isotrivial (i.e., j(E) / ∈ F q ). In particular, E has bad reduction at some place of F ; replacing, if needed, F by a finite extension, we can (and will) assume that E has good or split multiplicative reduction at any place v of F .
Analytical theory.
We briefly review the state of the art.
1.2.1. The extensions. Let F /F be an infinite Galois extension such that Gal( F /F ) contains a finite index subgroup Γ isomorphic to Z N p (an infinite product of Z p 's). The reader is reminded that class field theory provides lots of such extensions, thanks to the fact that if L is a local field in characteristic p and U 1 (L) denotes its group of 1-units then U 1 (L) ≃ Z N p (see e.g. [11] , II.5.7). Observe that, exactly for this reason, in the global function field setting it becomes quite natural to concentrate on such a Γ rather than on a finite dimensional p-adic Lie group.
A good example, which closely parallels the classical cyclotomic Z pextension of a number field, is the "cyclotomic extension at p". In the simplest formulation, we take F := F q (T ) and let Φ be the Carlitz module structure on A := F q [T ] (see e.g. [13] 
1.2.2.
The "p-adic L-function". Here by p-adic L-function we mean an element in the Iwasawa algebra Z p [[Gal( F /F )]] (identified with the algebra of Z p -valued measures on Gal( F /F )): in our knowledge, up to now no satisfactory closer analogue of the usual p-adic L-function arising in characteristic 0 was found. (A key problem seems to be the lack of an adequate theory of Mellin transform, in spite of some attempts by Goss -see [5] .)
The first instance of construction of a measure related to E is due to Teitelbaum ([16] , pag. 290-292): the F he implicitly considers is exactly the Carlitz cyclotomic p-extension described above (where p is a prime of split multiplicative reduction for E). Other examples (which can be loosely described as cyclotomic and anticyclotomic at ∞) were given in [8] .
In all cases, the starting point is to exploit the analytic modularity of E: that is, the fact that to E one can naturally associate a harmonic cocycle ϕ E on a certain tree. We refrain from further discussing the subject here and just observe that, since ϕ E takes values in Z, the "L-functions" obtained from it are really elements of
1.3. The present work. Since we are not going to make a comparison with the analytic theory, in this paper our attention will be focussed only on a Z N p -extension F /F , i.e., a Galois extension such that Γ : In section 2.3 we will define the (p-part of the) Selmer group Sel E (L) p , L any algebraic extension of F . Let S be the Pontrjagin dual of Sel E (F ) p : it is a L-module. Theorem 1.1. Assume that F /F is unramified at all places where E has bad reduction and that Sel E (F ) p is cofinitely generated as a Z p -module. Then S is a finitely generated L-module. Moreover, if Sel E (F ) p is finite, then S is torsion. Remark 1.2. The assumption on Sel E (F ) p is a consequence of the Birch and Swinnerton-Dyer conjecture. Some evidence for the latter can be found in [4] and [18] .
The main tool to get Theorem 1.1 is an analogue of Mazur's classical Control Theorem (for which the reader is referred to [6] or [7] ). The most interesting corollary is that it is possible to define the characteristic ideal Char(S) ⊂ L of S. The natural next step, which we hope to pursue in a future paper, would be to relate this Char(S) and a "p-adic L-function" as described above.
By the same techniques, and with less effort, we also investigate the variation of the l-part of the Selmer group (l a prime different from p) in subextensions of F /F . The control theorem we can prove also in this case shows that the Selmer dual is again finitely generated; however we lack a good theory of modules over the ring Z l [[Γ]] and thus are unable to say much more.
Observation. It might be worth to remark that the prime number p is not a place of our field, contrariwise to the classical situation. In particular we don't have to ask anything about the reduction of E being not supersingular at some place.
1.4. Structure of this paper. In section 2 we establish notations and define our Selmer groups (notice that for l = p we take the usual Galois cohomology, while for l = p flat cohomology is needed). Section 3 is dedicated to the easier case l = p: here we can establish the control theorem without any assumption on the Z N p -extension F /F . On the contrary the control theorem for l = p is proven (in section 4) only for a Z d p -extension F d /F : the technical reasons for this limitation are explained in remark 4.4. In section 5, by passing to limit, we go back to F /F : the main result here is the definition of the L-ideal Char(S). We conclude with some remarks on a (not yet formulated) main conjecure.
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Selmer groups
2.1. Notations. For the convenience of the reader we list some notations that will be used in this paper and describe the basic setting in which the theory shall be developed.
2.1.1. Fields. Let L be a field: then L alg will denote an algebraic closure and L ⊂ L alg a separable algebraic closure; besides, we put
If L is a global field (or an algebraic extension of such), M L will be its set of places. For any place v ∈ M L we let L v be the completion of
If L is a local field, the notations above will often be changed to
L will be the group of 1-units. As stated in the introduction, we fix a global field F of characteristic p > 0. For any place v ∈ M F we choose an embedding F ֒→ F v , so to get a restriction map G Fv ֒→ G F . Script letters will denote infinite extensions of F : more precisely F /F is a Z N p -extension with Galois group Γ and for d ≥ 1 we let
2.1.2. Elliptic curves. We fix an elliptic curve E/F , non-isotrivial and having split multiplicative reduction at all places supporting its conductor. The reader is reminded that then at such places E is isomorphic to a Tate curve, i.e., E(
For any positive integer n let E[n] be the set of n-torsion points. Moreover, for any prime l, let
. For any v ∈ M F we choose a minimal Weierstrass equation for E. Let E v be the reduction of E modulo v and for any point P ∈ E let P v be its image in E v . Besides E v,ns (F v ) is the set of nonsingular points of E v (F v ), and
By the theory of Tate curves we know that
In case of bad reduction T v is the group of components of the special fibre and our hypothesis implies that its order is −ord v (j(E)). For all basic facts about elliptic curves, the reader is referred to Silverman's books.
2.1.3. Duals. For X a topological abelian group, we denote its Pontrjagin dual by X ∨ := Hom cont (X, C * ). In the cases considered in this paper, X will be a (mostly discrete) Z l -module, so that X ∨ = Hom cont (X, Q l /Z l ) and it has a natural structure of Z l -module. The reader is reminded that to say that an R-module X (R any ring) is cofinitely generated means that X ∨ is a finitely generated R-module.
2.2.
The (étale) Selmer groups: l = p. For any positive integer m prime to p consider the exact sequence
and take Galois (étale) cohomology with respect to G F to get
The injective map on the left of the last sequence can be explicitly described via a "Kummer homomorphism". In particular let m run through the powers l n of a prime l = p. Taking direct limits one gets an injective map
which can be described as follows.
Exactly as above one can build local Kummer maps
for any place v of F .
where the map is the product of the natural restriction maps between cohomology groups.
Selmer groups for infinite extensions like F are defined using direct limits. Letting L vary through subextensions of F /F , the groups Sel E (L) l admit natural actions by Z l (because of E[l ∞ ] ) and by Γ. Hence they are modules over the Iwasawa algebra
The reader is reminded that the Tate-Shafarevich group X(E/L) fits into the exact sequence
According to the function field version of the Birch and SwinnertonDyer conjecture, X(E/L) is finite for any finite extension L/F . Applying to this last sequence the exact functor Hom(·,
2.3. The (flat) Selmer groups: l = p. Here we deal with the ptorsion of the elliptic curve E. Since char F = p the p-torsion points E[p ∞ ] give rise to non-separable extensions of F . In order to define Selmer groups with the usual cohomological techniques we need to consider flat cohomology of group schemes and work with F alg instead of F . For the basic theory of sites and cohomology on a site see [9] chapters II and III. Briefly, for any scheme X we let X f l be the subcategory of Sch/X (schemes over X) whose structure morphisms are locally of finite type. Moreover X f l is endowed with the flat topology, i.e., if we let Y → X be an element of X f l then an open covering of Y is a family
and each g i is a flat morphism of finite type. Now we only consider flat cohomology so, from now on, when we write a scheme X we always mean X f l . Let P be a sheaf on X and consider the global section functor sending P to P(X).
Definition 2.2. The i-th cohomology group of X with values in P, denoted by H i f l (X, P) , is the value at P of the i-th right derived functor of the global section functor.
Let X = Spec F and consider the presheaf on X defined by E[p ∞ ] (which is a commutative group scheme and thus defines a sheaf on
∞ -torsion points of E with coordinates in F . As before we start with the exact sequences (for any positive n)
. Considering the cohomology of X (resp. of X v = Spec F v ) and taking limits on n, we arrive at the following definition.
(Here κ v is the Kummer map, just like in the previous section.)
and by Gal(F d /F ). Hence they are modules over the Iwasawa algebra
; the isomorphism is non-canonical and depends on the choice of d topological generators of
Remark 2.4. We could have defined also the l-part of the Selmer group by means of flat cohomology; the result would have been the same, because
As before, for a finite extension L/F , we have an exact sequence
and the Birch and Swinnerton-Dyer conjecture implies that
3. Control theorem for l = p 3.1. The image of κ v . We start by giving a more precise description of Im κ v (following the path traced by Greenberg in [6] and [7] ).
Lemma 3.1. If E has split multiplicative reduction at v then E(F v ) contains a finite index subgroup isomorphic to U 1 (F v ).
Proof. The hypothesis implies that E is isomorphic to a Tate curve:
The previous lemma can be seen as a (partial) function field analog of Lutz's Theorem ([?] VII Proposition 6.3). In the number field case for a finite extension K/Q p and an elliptic curve E defined over Q p one finds that E(K) contains a subgroup isomorphic to the ring of integers of K (taken as an additive group), i.e., a subgroup isomorphic to Z
In the function field (characteristic p) case we miss the logarithmic function and we have to deal with the multiplicative subgroup of the ring O v . For any complete local field like F v one has U 1 (F v ) ≃ Z N p ; hence for any finite extension K w /F v one finds both in E(K w ) and in E(F v ) a subgroup of finite index isomorphic to Z N p making it hard to emphasize any kind of relation with the degree [K w :
Proof. We consider two cases according, to the behaviour of E at v.
Case 1: E has good ordinary reduction at v.
and by the Néron-Ogg-Shafarevich criterion this is an isomorphism of G Fv -modules. Hence one has a sequence of maps
where the last map on the right is induced by the natural inclusion
is its l-primary part. Composing κ v with this sequence, one gets an injection
Thus ϕ v is a 1-coboundary and since all the maps involved are injective one gets ϕ = 0 and finally
Case 2: E has split multiplicative reduction at v. By Lemma 3.1 one has
where A is a finite group. Since
The theorem. For the rest of this section we use the classical no
Recall our Z N p -extension F /F : we shall consider a sequence of finite extensions of F such that
In this setting we let Γ n := Gal(F /F n ) and Γ = Gal(F /F ) so that
For example if F is the p-cyclotomic extension F p,cyc one can take F n to be the subfield of
We will denote by v n (resp. w) primes of F n (resp. F ) and, to shorten notations, we shall denote by F vn (resp. F w ) the completion of F n at v n (resp. of F at w). Finally, for any field L, we put
For any n, the natural map
Γn fits into the following diagram (with exact rows)
Proof. The snake lemma applied to the diagram above shows that it is enough to prove that Ker b n = Coker b n = Ker c n = 0 (i.e., to prove that a n is an isomorphism we shall prove that c n is injective and that b n is an isomorphism as well).
The map b n . By the Hochschild-Serre spectral sequence (which includes the five terms exact sequence prolonging the inflation restriction sequence), one has
is a pro-p-group for all n ≥ 0, therefore
, which is a (finite) power of l, and by [F m : F n ] (by the cor • res map, see e.g., [12] 1.5.7) which is a power of p = l.
(F )) = 0 as well. The map c n . By Proposition 3.3 Ker c n embeds into the kernel of the natural map
Considering every component we find maps
Γn (there is one such map for every w dividing v n but their kernels are all isomorphic) and Ker c n ⊆ Ker d vn .
As we have seen for Ker b n one has from the inflation restriction sequence
is an l-primary set.
Remark 3.5. Since Gal(F w /F vn ) is, in general, a subgroup of Γ n , the cokernels of the maps d vn are not exactly part of the five term inflation restriction sequence. Anyway let Γ vn = Gal(F w /F vn ), then the snake lemma applied to the following diagram (where the lower row is the true Hochschild-Serre spectral sequence)
shows that Coker d vn = 0 as well.
3.3. The Selmer dual. The theorem leads to a (partial) description of the Selmer groups (or better of their Pontrjagin duals) as modules over the algebra
, this ring is compact with respect to the inverse limit topology. The following generalization of Nakayama's Lemma is proved in [1] , section 3. Theorem 3.6. Let L be a compact topological ring with 1 and let J be an ideal such that J n → 0. Let X be a profinite L-module. If X/JX is a finitely generated L/J L-module then X is a finitely generated Lmodule.
We lack a complete description of the ideals J of Z l [[Γ]] such that J n → 0. For example the classical augmentation ideal I does not verify this condition since I = I 2 , as next lemma shows. 
(where m ∨ l is the dual map).
Proof. Let N be a topological Z l [[Γ]]-module and consider the natural projection π : N ։ N/lIN and its dual map
for any γ ∈ Γ and any a ∈ N. But φ(lγ · a) = φ(la) if and only if lφ is Γ-invariant, i.e., φ ∈ Im π
Then with N = M ∨ and taking duals one gets
Now observe that the map m l : m
Proof. By the previous lemma with M = Sel E (F ) l one has Theorem 3.4) , so this quotient is finite by hypothesis. Then Theorem 3.6 yields the corollary.
In the corollary it would be enough to assume that Sel E (F ) l is a cofinitely generated module over the mysterious ring
Unfortunately even with the stronger assumption of finiteness we can't go further (i.e. we are not able to see whether Sel E (F ) 
Control theorem for l = p
As stated in the introduction, in this section we shall work with a
As before, it is convenient to write F d = ∪F n and, to ease notations, we shall take the F n 's as subfields
Moreover we shall consider the p-torsion of the elliptic curve E: therefore we use flat cohomology as explained in section 1.4, where we described the Selmer groups for this case. We will follow the notations given there. In our setting there is an isomorphism H i f l (X, G) ≃Ȟ i (X, G) , whereȞ denotesČech cohomology and G is any group scheme of finite type over X (see [10] III Proposition 6.1). All the usual cohomological machinery (including the spectral sequence which we are going to use later) holds forČech cohomology and this will be helpful in some technical points.
With a slight change in notation, in this section we will write Γ := Gal(F d /F ) and Γ n := Gal(F d /F n ).
4.1. Lemmata. We need a couple of lemmas which will be used in the proof of the main theorem. (i) be the subgroup generated by the γ j 's for all j = i. Let B be a discrete p-primary Γ-module: then
Proof. We use induction on the number of generators. The case d = 1 is easy (see for example [7] Exercise 2.2). Let's see the induction step
by the independence of the generators. Both Γ (d) and < γ d > have pcohomological dimension 1 (see [14] I.3.4) so
Hence from the Hochschild-Serre spectral sequence one gets two exact sequences
Moreover, again by the independence of the γ i 's and the commutativity of Γ, one has
and
Thus the inflation restriction maps split the sequences and one has
The inductive hypothesis yields
and the lemma follows.
Lemma 4.2. Let L/K be a finite Galois extension of local fields and G its Galois group. Let E/K be an elliptic curve with split multiplicative reduction at the prime v of K. Then
(where e is the ramification index of L/K and H 1 (G, ·) denotes Galois cohomology).
Proof. We recall that Tate parametrization yields an isomorphism
and, via G-cohomology, 
The theorem.
We are now ready to prove the main theorem: the proof has to be divided in several parts and will occupy most of the rest of this section. 
d and finite cokernels. Moreover if for any place v of bad reduction for E and not completely split in F d /F we assume that (ord v (j(E)), p) = 1 then the maps are surjective.
Proof. We start by fixing the notations which will be used throughout the proof. Let X n := Spec F n , X d := Spec F d , X vn := Spec F vn and X w := Spec F w (now F w is the completion of F d at w). For any m ≥ n ≥ 0 let Γ m n := Gal(F m /F n ), Γ vm vn := Gal(F vm /F vn ) and Γ vn := Gal(F w /F vn ). Finally, to ease notations, let
. Just like in section 3 we have a diagram
Since E has good reduction at v (hence at w) one has E(O w ) = E(F w ), therefore Ker λ 1 ≃ Ker λ 2 and Ker d vn = 0 in this case. Note that this is coherent with the number field case, where one has Ker d vn = 0 for all primes v n dividing a prime l = p of good reduction (see e.g. [7] Lemma 4.4). 4.2.5. Primes of bad reduction. Because of the hypothesis on places of bad reduction, either v n splits completely in F d /F or there is a nontrivial decomposition subgroup, which then has to be isomorphic to Z p .
Completely split primes. If v n splits completely then F w = F vn so d vn is obviously an isomorphism.
Inert primes.
For primes with non-trivial decomposition group in Γ our Lemma 3.1 does not hold. If v is inert then F w /F v is the unique unramified Z pextension of F v and the residue field F w is infinite so that E 1 (F w ) has infinite index in E 0 (F w ). From the Kummer exact sequence we have a diagram
where we recall that Γ vm vn is a quotient of Γ vn ≃ Z p . Consider the exact sequence
where T vm is a cyclic group of order −ord vm (j(E)). Our Lemma 4.2 applies here with L = F vm and K = F vn . Since v n is unramified,
vn , E 0 (F vm )) = 0 and one gets an injection 
such group is finite and constant, so H 1 (Γ vn , E(F w )) ֒→ T v,p . Thus Ker d vn is finite and, since there are only finitely many v n 's of bad reduction, Ker c n is finite as well. This concludes the first part of the theorem; if we also assume the hypothesis on ord v (j(E)) then #T vm is prime with p, so T vm,p = 0 and
Thus Ker d vn = 0 for any v n ∈ M Fn and eventually Ker c n = 0 as well.
All of this yields Ker a n ≃ Ker b n and Coker a n = 0.
In the setting of Theorem 4.3, assume moreover that
p which, by the hypothesis on Sel E (F ) p and Theorem 4.3, is cofinitely generated (resp. finite). Therefore Theorem 3.6 (resp. the final Theorem of [1] section 4) yields the corollary.
4.3.
Discussion on the hypotheses. We briefly try to explain some reasons for the additional hypothesis on ramified and inert primes which were needed in the theorem. The starting point for inert primes is the inclusion 
Hence we need our hypothesis (namely that T v,p = 0) in order to have some control on Π Ker d vn and on Ker c n as well (and eventually on Coker a n ). We note that such hypothesis is not necessary if one restricts himself to the study of Z p -extensions. If v n is ramified we may not have infinite splitting (it never happens for the ramified primes of our main examples -which unfortunately are places of bad reduction for E) but, on the other hand, Lemma 4.2 only gives a sequence
vn , E(F vm )) → T vm,p where e(v m |v n ) is the ramification index. Both e(v m |v n ) and
increase rapidly (even in a Z p -extension) and we cannot use them to control the direct limit of H 1 (Γ vm vn , E(F vm )). Thus we have been forced to assume that ramified primes are of good reduction. Note that we have not proved that without our hypothesis Ker d vn or Ker c n are infinite or unbounded.
Nonetheless the hypothesis for inert primes seems "technical" and, at least for d = 1 (i.e., for a Z p -extension F 1 /F ), it is not necessary to prove that cokernels are bounded.
Corollary 4.6. Assume that E has good reduction at all places which ramify in F 1 /F : then the natural maps
Γn p have finite and bounded kernels and cokernels.
Proof. The only difference with the theorem happens for inert primes of bad reduction and, in a Z p -extension, there are finitely many of them in each F n (actually their number stabilizes from a certain n on). If v n is such a prime then
for any v n and, since there are finitely many of them, Ker c n is finite and bounded for any n as well.
For a Z p -extension we can therefore give a proof of the following corollary along the lines of [7] Corollary 4.9 and Theorem 1.3 .
Corollary 4.7. In the setting of the previous corollary assume that Sel E (F ) p is finite: then E(F 1 ) is finitely generated.
Proof. By Corollary 4.5 S 1 is a finitely generated torsion L 1 -module. By the well-known structure theorem for such modules there is a pseudoisomorphism
(where (S 1 ) tor is the Z p -torsion of S 1 ). Taking duals one gets
. By Corollary 4.6 for any n one has
Moreover we know that
Therefore rank E(F n ) ≤ t n ≤ λ for any n i.e. such ranks are bounded. Choose m such that rank E(F m ) is maximal, then E(F 1 )/E(F m ) is a torsion group. Take P ∈ E(F 1 ) and let s be such that sP ∈ E(F m ). Then for any γ ∈ Gal(F 1 /F m ) one has s(γ(P ) − P ) = γ(sP ) − sP = 0 i.e. γ(P ) − P ∈ E(F 1 ) tor . Since the torsion points in E(F 1 ) are finite (we provide a proof in Lemma 4.8 below) there is a t = #E(F 1 ) tor such that t(γ(P ) − P ) = 0 , i.e., γ(tP ) = tP for all γ ∈ Gal(F 1 /F m ). Thus tP ∈ E(F m ) for all P ∈ E(F 1 ) and multiplication by t gives a homomorphism ϕ t : E(F 1 ) → E(F m ) whose image is finitely generated (being a subgroup of E(F m ) ) and whose kernel is the finite group E(F 1 ) tor . Hence E(F 1 ) is indeed finitely generated.
Proof. Let S ⊂ N be the set of prime numbers l for which one can find a point
Let F S be the extension of F generated by these points (one for each l ∈ S): it is Galois (since F d /F is abelian) and Gal(F S /F ) injects into S (Z/lZ) * (the automorphisms of the group generated by the P l 's). By the Mordell-Weil theorem, E(L) tor is finite for any finite extension L/F : hence if S is infinite so is Gal(F S /F ). But this cannot happen, because any homomorphic image of Γ ≃ Z d p into S (Z/lZ) * must be finite. We are left with the possibility that E[l ∞ ](F d ) is infinite for some prime l. Assume that this happens: then one can choose an infinite sequence
is both an infinite subgroup of Z l * (the automorphisms of the group generated by the P n 's) and a quotient of Γ ≃ Z It is assumed throughout that E has good reduction at all places ramified in F /F and that Sel E (F ) p is cofinitely generated. As before we write
is a finitely generated L d -module. By the structure theorem for such modules (see [2] VII.4 Theorem 5) one has a pseudo-isomorphism (i.e. with pseudo-null kernel and cokernel)
where the g i,d 's are irreducible elements of L d and r, n d , the g i,d 's and the e i,d 's are uniquely determined.
Definition 5.1. In the above setting the characteristic ideal of S d is
otherwise (it is well defined because of the uniqueness of r, of n d , of the g i,d 's and of the e i,d 's).
Focusing on torsion modules, i.e., assuming, from now on, that Sel E (F ) p is finite, one "canonical" way to obtain the direct sum of the structure theorem consists in the morphism
where the sum is taken over all primes Proof. The natural restriction maps between cohomology groups induce maps
and, taking duals, natural maps of L d+1 -modules S d+1 → S d . Via the map described above one gets a diagram
where the vertical map on the right is induced by restriction and thus simply sends γ d+1 to 1.
The choice of the γ i 's does not affect the inverse limit because of the following Such ideal Char(S) (or, better, a generator of such an ideal) might be a good candidate for our algebraic L-function.
Towards a main conjecture?
From classical Iwasawa theory, one would expect that an analytic p-adic L-function should annihilate the dual Selmer group S of the corresponding extension F /F . To formulate precisely such a main conjecture, the first obvious difficulty we meet is that in the cases where the analytic side has been developed ( [16] and [8] ) the extensions considered were ramified precisely at some place of bad reduction for E. Since such condition seems fundamental, the best solution is probably to modify slightly our definition of Selmer group, e.g. taking away those places we are not able to control. As remarked in the introduction, the analytic p-adic L-function is an element L an ∈ Z[[Gal(F /F )]] . In the prospect of Iwasawa theory, it seems natural to extend scalars to Z p ; however, L an may be seen as belonging to Z l [[Gal(F /F )]] as well and one can wonder if it also annihilates the Selmer dual arising from the l-torsion. In absence of any support or clue, this is just a speculation.
